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this aim, the representative unit cell approach has been utilized. The micro geometry of the
composite is modeled by a periodic structure with a unit cell containing multiple circular
ﬁbers. The number of ﬁbers is sufﬁcient to account for the micro structure statistics of com-
posite. A new method based on the multipole expansion technique is developed to obtain
the exact series solution for the micro stress ﬁeld. The method combines the principle of
superposition, technique of complex potentials and some new results in the theory of spe-
cial functions. A proper choice of potentials and new results for their series expansions
allow one to reduce the boundary-value problem for the multiple-connected domain to
an ordinary, well-posed set of linear algebraic equations. This reduction provides high
numerical efﬁciency of the developed method. Exact expressions for the components of
the effective stiffness tensor have been obtained by analytical averaging of the strain
and stress ﬁelds.
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The main aim of this paper is to develop an efﬁcient analytical tool for computer simulation of the unidirectional ﬁber
reinforced composite (FRC) materials with linearly elastic constituents possessing arbitrary anisotropy. At the present time,
most results in the micromechanics of composites (regarding the local stress concentrations and the effective elastic prop-
erties, in particular) are obtained for materials with isotropic constituents. The needs of materials science, however, require a
computational methodology that allows one to account for anisotropic behavior of the components. For instance, combining
the anisotropic components provides additional ‘‘degrees of freedom” in design of the application-oriented composites with
prescribed properties. Another issue is manufacturing-induced anisotropy: in many cases, an anisotropy of the composite
components is induced by cold or hot pressing, rolling, extrusion etc., or may arise due to the phase transformation process.
During the service life, the damage-induced anisotropy may be developed due to the preferably oriented cracks in the com-
ponents or due to partial interface debonding.
However, unlike the isotropic case, a very few accurate analytical results can be found in literature related to composites
with anisotropic components due to signiﬁcant mathematical difﬁculties arising in these problems. Note that the main
difﬁculty is relevant to the anisotropy of matrix since the main approach to the solution of this problem is based on the
Green’s function (point body force solution) for an inﬁnite solid. Mura (1982) has derived an integral form of the Eshelby’s. All rights reserved.
.
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one to apply it directly to the calculation of the effective properties of composites. Explicit relations for Eshelby’s tensor are
available for spheroidal inhomogeneity in a transversely isotropic matrix if the axis of matrix anisotropy and rotation axis of
the spheroid coincide (Withers, 1989; Sevostianov et al., 2005). The exact variational bounds and self-consistent estimates
for the scalar properties of anisotropic composites were obtained byWillis (1977). A two dimensional problem for arbitrarily
oriented elliptic hole in an orthotropic matrix have been solved by Tsukrov and Kachanov (2000) using the complex variable
method. We also have to mention a number of papers addressing composite materials with transversely isotropic piezoelec-
tric phases, from where the elastic properties can be extracted as a particular case. Detailed literature review on this topic is
given by Sevostianov et al. (2001).
The main difﬁculty appearing in all these papers is the construction of the explicit solution of Eshelby’s problem. Recently,
completely different method of multipole expansion has been developed to obtain semi-analytical solutions for stress con-
centration (Kushch, 2003) and for the effective elastic stiffness tensor (Kushch and Sevostianov, 2004) of the quasi-random,
spherical particles reinforced composite with transversely isotropic phases. The method uses the so-called ‘‘representative
unit cell” (RUC) approach. The basic idea of this approach consists in modeling an actual micro geometry of the composite by
the periodic structure with a unit cell containing several inhomogeneities. Then, the homogenization boundary-value prob-
lem is stated and solved for the unit cell. Sometimes, this model is referred also as the ‘‘lattice” one to reﬂect the fact that the
inclusions form a periodic array. The model provides a natural way, through the periodic boundary conditions on the oppo-
site cell facets, to take into account interactions among a whole inﬁnite array of inhomogeneities. Also, the deterministic
(although rather complicated) geometry of unit cell enables an accurate solution of the corresponding periodic boundary-
value problems. These features make the unit cell approach to be appropriate for studying the high-ﬁlled strongly hetero-
geneous composites, where the mutual positions and interactions between the ﬁbers should be taken into account.
RUC approach has been successfully applied to calculate elastic properties of composites with isotropic constituents (see,
for example, Kantor and Bergman, 1982; Iwakuma and Nemat-Nasser, 1983; Nunan and Keller, 1984) and research activity is
still high here (Helsing, 1995; Cohen and Bergman, 2003; Bonnet, 2007; Drago and Pindera, 2007; Kushch et al., 2008; among
others). At the same time, to the best of our knowledge, a very few publications are available by now in literature where the
simplest one-ﬁber cell model of unidirectional ﬁber reinforced composite with anisotropic phases was studied. Rodriguez-Ra-
mos et al. (2001) and Guinovart-Diaz et al. (2001) have considered the square and hexagonal periodic composites with
transversely isotropic matrix and ﬁbers where the anisotropy axis was oriented along the ﬁber direction. There, the
Kolosov–Muskhelishvili’s technique of complex potentials has been applied to obtain the closed form expressions for the
effective moduli. Probably, the most comprehensive work in the area has been done by Golovchan (1982a) and Golovchan
(1982b) where the general phase anisotropy case for the two-dimensional (2D) periodic FRC was considered. However, the
solution obtained there is rather implicit and does not provide the ready-to-use algorithm of obtaining the numerical data.
In the present work, the analytical approach proposed by Kushch et al. (2005) has been further developed and applied for
studying the local stress and the effective elastic properties of unidirectional FRC composite with anisotropic phases using the
2D cell model. By considering the elasticity problem as two-dimensional, we assume implicitly orij=ox3 ¼ 0: within this frame-
work, (a) plane strain, (b) plane stress and (c) anti-plane shear (in x3-direction) problems can be studied. Themost general case of
elastic anisotropy which can be considered in the framework of 2D statement is the monoclinic symmetry with the Ox1x2 being
the symmetry plane. In the two-index notation, the generalized Hooke’s law rij ¼ Cijklekl for this symmetry type has the formr11
r22
r33
r23
r13
r12
0BBBBBBBB@
1CCCCCCCCA
¼
C11 C12 C13 0 0 C16
C12 C22 C23 0 0 C26
C13 C23 C33 0 0 C36
0 0 0 C44 C45 0
0 0 0 C45 C55 0
C16 C26 C36 0 0 C66
0BBBBBBBB@
1CCCCCCCCA
e11
e22
e33
2e23
2e13
2e12
0BBBBBBBB@
1CCCCCCCCA
: ð1ÞIn the case of the ﬁbers aligned in x3-direction, a composite possesses the same anisotropy type of macroscopic elastic
moduli.
The paper is organized as follows: in Section 1, the basic technique of the method has been exposed and applied consecu-
tively to the anti-plane shear problem for a single ﬁber, a ﬁnite array of ﬁbers and the cell model of FRC. In Section 2, the plane
strain problem has been analyzed in a similar way. Then, the exact expressions of the effective stiffness tensor have been de-
rived by analytical integrating the strain and stress ﬁelds within the representative unit cell. Next, a numerical example is pre-
sented which demonstrates the convergence rate of solution, stress concentration and effective stiffness variation depending
on the volume content and anisotropy degree of constituents. The auxiliary theoretical results are given in Appendices.
2. Anti-plane shear
2.1. Outline of the approach and basic formulas
We start with the problem of the shear deformation along the ﬁber axis where u3 is the only non-zero component of the
displacement vector:
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In this case, we have two non-zero components of stress tensor, r13 and r23. The equilibrium equation r  r ¼ 0 takes the
formor13
ox1
þ or23
ox2
¼ 0; ð3Þthe Hooke’s law (1) reduces tor13 ¼ C55c13 þ C45c23;
r23 ¼ C45c13 þ C44c23;
ð4Þwhere c13 ¼ 2e13 ¼ ow=ox1 and c23 ¼ 2e23 ¼ ow=ox2. The strain compatibility condition
oe13
ox2
¼ oe23
ox1
¼ 1
2
o2w
ox1ox2
ð5Þis satisﬁed identically.
Substitution (4) into (3) yields the equilibrium equation for displacement w:D2x1x2 ðwÞ ¼ C55
o2w
ox21
þ 2C45 o
2w
ox1ox2
þ C44 o
2w
ox22
¼ 0: ð6ÞIntroducing the complex variable n ¼ x1 þ lx2 (see, e.g., (Lekhnitsky, 1963)), where,l ¼ ðC45 þ iCÞ=C44; C ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
C44C55  C245
q
> 0; ð7Þis the complex root of the characteristic equationC44l2 þ 2C45lþ C55 ¼ 0; ð8Þ
operator (6) transforms into Laplacian: D2x1x2 ðwÞ ¼ o
2w
onon and, hence, the well-developed theory of analytical functions (see, e.g.,
(Muskhelishvili, 1953)) can be applied to solve this problem. In particular, one can ﬁnd w as w ¼ ReW, where W is an ana-
lytical function of complex variable n.
Alternatively stress function Wðx1; x2Þ can be introduced (Lekhnitsky, 1963) as follows:
r13
C
¼ oW
ox2
;
r23
C
¼ oW
ox1
: ð9ÞIt leads to the stress ﬁeld that identically satisﬁes the equilibrium Eq. (3). To provide the strain compatibility (5), we inverse
the relationships (4) to getc13 ¼ S55r13 þ S45r23;
c23 ¼ S45r13 þ S44r23;
ð10Þwhere S55 ¼ C44=C2; S45 ¼ C45=C2 and S44 ¼ C55=C2. Substitution of (9) and (10) into (5) yieldsS44
o2W
ox21
 2S45 o
2W
ox1ox2
þ S55 o
2w
ox22
¼ 1
c2
D2x1x2 ðwÞ ¼ 0: ð11ÞThis expression is equivalent to (6) and also can be reduced to the Laplace equation in the same way. Therefore, represen-
tation Wðx1; x2Þ ¼ ReU, can be written, where U is an analytical function of complex variable n.
Moreover, taking into account thato
ox1
¼ o
on
þ o
on
;
o
ox2
¼ l o
on
þ l o
on
: ð12ÞEqs. (3)–(9) yieldW ¼ iU; i.e., w ¼ ReW ¼ ImU. As a result, the boundary-value problem (BVP) for w can be formulated as a
problem of the potential theory either in terms ofW or U. The latter one is preferable since it allows one to simplify a form of
the matrix-ﬁber bonding conditions. So the normal traction at the interface can be written astn ¼ r13n1 þ r23n2 ¼ C oWox2 cosu
oW
ox1
sinu
 
¼ C
2q
o
ou
ðUþUÞ; ð13Þwhere n1 and n2 are the outward normal direction cosines and ðq;uÞ are the circular coordinates deﬁned by
x1 þ ix2 ¼ q expðiuÞ.
Remark 1. Introducing the new variable n ¼ x1 þ lx2 is equivalent to afﬁne transformation of the complex plane. As shown
above, it allows one to reduce the BVP of the theory of elasticity to the Laplace equation in the transformed coordinates.
However, any afﬁne transformation deforms the circular matrix-ﬁber interface into the elliptic one. Due to that we have to
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analytical method was developed by Kushch et al. (2005) and an accurate solution has been obtained for a ﬁnite array of
elliptic ﬁbers embedded into an inﬁnite matrix. The method is based on the properly taken sets of outer and inner potentials
and the relevant re-expansion formulae providing an efﬁcient reduction of the initial BVP to the linear algebra problem. As
shown below, this method, with some modiﬁcations, is appropriate for the problem under consideration.
Following Kushch et al. (2005), we write a general solution of the potential theory problem in the domain containing no
singular points (regularity area) as a seriesU ¼
X
n
Dntn; t ¼ n=d
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
ðn=dÞ2  1
q
; ð14Þwhere summation is done over all integer 1 < n < 1. In the expression for t, the sign of the square root is chosen to keep
ImtP 0, d is the matching parameter and Dn are the complex constants to be determined. Note that 2n=d ¼ tþ 1=t; andtn þ tn ¼ 2 cosh½n Arccoshðn=dÞ ð15Þ
is the n-th degree Chebyshev’s polynomial of complex variable n=d. As shown by (Kushch et al., 2005) the regularity of UðnÞ
implies Dn ¼ Dn. In contrast, the series expansion of the disturbance ﬁeld (vanishing at inﬁnity) contains the negative pow-
ers of t only: U ¼PnAntn, where An ¼ 0 for n 6 0.
A proper choice of parameter d provides a remarkably simple form of (14) at the circular interface q ¼ R. In particular, for
d ¼ R
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1þ l2
p
tjq¼R ¼
1 il
1þ il
 1=2
R expðiuÞ ¼ Rl expðiuÞ: ð16ÞAnd expression (14) at the interface turns to be a Fourier series for u. Moreover, d can be considered as a parameter of
anisotropy: for an isotropic solid, d  0. In the limiting case d ! 0,we have d2 t! z ¼ x1 þ ix2 and d2Rl ! R. Hence, it is rea-
sonable to use, at least for a weakly anisotropic material, the normalized expansion coefﬁcientsfAn ¼ ðd2 ÞnAn and fDn ¼ ðd2 ÞnDn
in order to prevent a possible numerical errors accumulation.
2.2. Single inclusion problem
First, we apply the basic technique described in the previous subsection to the simplest model problem, namely, a single
ﬁber of radius R embedded in an inﬁnite matrix. Both the matrix and ﬁber materials are assumed to be anisotropic with the
elastic stiffness tensors C ¼ fCij g and Cþ ¼ fCþij g, respectively. Hereafter, we will mark all the matrix-related parameters by
the sign ‘‘” and the ﬁber-related ones by the sign ‘‘+”. The uniform far ﬁeld loading is prescribed by the constant strain ten-
sor E ¼ fEijg; in the context of a given problem, only E13 and E23 are non-zero.
We assume perfect bonding between the matrix and ﬁber, i.e.,½½w ¼ ½½tn ¼ 0; where ½½g ¼ ðgþ  gÞjq¼R: ð17Þ
The displacement ﬁeld wþ in the ﬁber is regular and hence can be expanded into series (14):wþ ¼ ImUþ ¼ i
2
ðUþ UþÞ; where Uþ ¼
X1
n¼0
Dn½ðtþÞn þ ðtþÞn; ð18Þt ¼ n=d 
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
ðn=dÞ2  1
q
and d ¼ R
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1þ ðlÞ2
q
.
The displacement ﬁeld w in the matrix can be written as a sum of the external linear ﬁeld w0 and the disturbance ﬁeld
w1 caused by the ﬁber, that decays at inﬁnity. We seek w
 in the formw ¼ ImU; U ¼ Cn þ
X1
n¼1
AnðtÞn ¼
X
n
ðAn þ anÞðtÞn; ð19Þwhere C ¼ C1 þ iC2 and an ¼ 12 dn1Cd
, dnm being the Kronecker’s delta. The linear displacement ﬁeld corresponding to the
constant train tensor E is w0 ¼ E13x1 þ E23x2. On the other hand,w0 ¼ Im½ðC1 þ iC2Þðx1 þ lx2Þ ¼ C2x1  C1
C
C44
 C2 C

45
C44
 
x2; ð20Þthat yieldsC ¼  C

44 þ iC
C
E13 þ C

44
C
E23
 
: ð21ÞThe interface conditions (17) written in terms of complex potentials U and Uþ take the formðUþ UþÞjq¼R ¼ ðU UÞjq¼R;
Cþ
C
o
ou
ðUþ þUþÞjq¼R ¼
o
ou
ðU þUÞjq¼R: ð22Þ
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D0 ¼ 0. All other coefﬁcients will be deﬁned from the conditions (22). Thus, substitution of (18) and (19) into the ﬁrst con-
dition of (22) yieldsX
n
½DnðRlþ Þneinu  DnðRlþ Þneinu ¼
X
n
½AnðRl Þneinu  AnðRl Þneinu þ anðRl Þneinu  anðRl Þneinu: ð23ÞNow, equating the coefﬁcients at likely terms in the left and right hand parts of (23) we obtain a set of linear equationsðAn þ anÞðRl Þn  anðRl Þn ¼ DnðRlþ Þn  DnðRlþ Þn; n ¼ 1;2; . . . : ð24Þ
The second condition of (22) gives rise to a similar linear set:ðAn þ anÞðRl Þn þ anðRl Þn ¼ C
þ
C
½DnðRlþ Þn þ DnðRlþ Þn; n ¼ 1;2; . . . : ð25ÞThe Eqs. (21), (24) and (25) form a closed inﬁnite system of linear equations with the unknowns An and Dn. It can be solved
numerically with any desirable accuracy by the truncation method (Kantorovich and Krylov, 1964). However, in the consid-
ering problem, we take An ¼ Dn ¼ 0 for n > 1 and an analytical solution of the problem is easily found from the two remain-
ing equations in (24) and (25) for n ¼ 1. In particular, the displacement ﬁeld in the ﬁber is linear which agrees with the
Eshelby’s theorem (Eshelby, 1959). Also, as seen from (24) and (25), a remotely applied polynomial in t (and, according
to (15), in x and y) displacement ﬁeld induces in the ﬁber the polynomial displacement ﬁeld of the same order, in accordance
with the polynomial conservation theorem (Kunin and Sosnina, 1971).2.3. Finite array of ﬁbers
Now, we consider an inﬁnite matrix domain containing a ﬁnite number Nfib > 1 of circular ﬁbers centered in the points
Zq ¼ X1q þ iX2q of the complex plane and aligned in z-direction. With no loss of generality, we put Z1 ¼ 0 as a reference point.
In order to reduce the number of problem parameters and to simplify the notations, we assume all the ﬁbers being of the
same size and having the same elastic properties: Rq ¼ R1 and Cþq ¼ Cþ1 . The ﬁbers non-overlapping condition is
j Zpq j> 2R1, where Zpq ¼ Zp  Zq ¼ X1pq þ iX2pq. In the framework of the exposed method, considering the case of polydisperse
and multiphase composite is rather straightforward and does not meet any problems. The conditions in the remote points
and at the interface are the same as in the previous problem, Eq. (17):½½wq ¼ ½½tnq ¼ 0; where ½½gq ¼ ðgþq  gÞjqq¼R ð26Þand qq is deﬁned by the equation x1q þ ix2q ¼ qq expðiuqÞ. Here, Oqx1qx2q is the local Cartesian coordinate system with the
origin in the center of qth ﬁber. All other parameters related to this ﬁber will be marked by subscript ‘‘q”. Thus,
nq ¼ x1q þ lx2q and tq ¼ nq =d 
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
ðnq =dÞ2  1
q
.
Similarly to (18), the displacement ﬁeld in q-th ﬁber can be written aswþq ¼ ImUþq ; where Uþq ¼
X
n
Dnqðtþq Þn: ð27ÞFollowing the superposition principle, we write solution in the matrix domain as a sum of the far linear ﬁeld w0 and the
disturbance ﬁelds wq caused by each individual ﬁber:w ¼ ImU; where U ¼ Cn1 þ
XNfib
p¼1
Up and U

p ¼
X1
n¼1
Anpðtp Þn: ð28ÞAnp and Dnq in (27) and (28), are unknown coefﬁcients to be determined from the boundary conditions (26). We have to apply
the local expansion for w in a vicinity of the qth ﬁber center, Zq.
Such an expansion for w0 is rather simple taking into account that n
 ¼ n1 ¼ nq þ N1q, where Npq ¼ X1pq þ lX2pq. Hence,
w0 ¼  ImCn ¼ ImCnq þW0,whereW0 ¼  ImðC N1qÞ is the qth ﬁber rigid displacement. Terms Up in (28) are regular in
a vicinity and in the point Zq if p 6¼ q. Uq is singular in the point Zq and is written already in terms of variables of qth local
coordinate system. The local expansions for Up , p 6¼ q in the form analogous to (27) can be obtained by applying the re-
expansion formulae, generalizing the results of Kushch et al. (2005):ðtpÞn ¼
X
m
gpqnmðtqÞm; n ¼ 1;2; . . . : ð29ÞThe explicit form of the expansion coefﬁcients gpqnm ¼ gnmðd;NpqÞ, is given in Appendix A. Applying (29) to the last sum in
(28) yieldsU ¼ CNpq þ C d

2
ðtq þ 1=tq Þ þUq þ
XNfib
p¼1ðp6¼qÞ
X1
n¼1
Anpðtp Þn ¼ CNpq þ
X
n
ðAnq þ anqÞðtq Þn; ð30Þ
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XN
p¼1
X1
m¼1
Ampgpqnm þ C
d
2
dn;1 and gpqnm  0 for p ¼ q: ð31ÞWe also took into account that anq ¼ an;q and Anq ¼ 0 for n 6 0.
Now, one can fulﬁl the conditions (26) which in terms of complex potentials take the form (22), with replacement of Uþ
byUþq and ðq;uÞ by ðqq;uqÞ. Substituting the series expansions (27), (30) and equating the coefﬁcients at likely terms, we get
an inﬁnite system of linear algebraic equations in remarkably simple form:ðAnq þ anqÞðRl Þn  anqðRl Þn ¼ DnqðRlþ Þn  DnqðRlþ Þn;
ðAnq þ anqÞðRl Þn þ anqðRl Þn ¼ C
þ
C
½DnqðRlþ Þn þ DnqðRlþ Þn; n ¼ 1;2; . . . ; q ¼ 1;2; . . . ;Nfib:
ð32Þ2.4. Cell model
The single- and multiple-inclusion problems considered above can be viewed as the micromechanical models of FRC.
Note that the work done up to date in the mechanics of matrix composites is mostly based on the models of this kind starting
from the celebrated works by Eshelby (1959) and Hill (1965). The ‘‘ﬁnite array of ﬁbers” model can be applied to evaluate the
effective moduli of composite in sevaral ways, for example, by combining it with the renormalization scheme (e.g., (Chen and
Acrivos, 1978)) or in the framework of the embedding method (Wang et al., 2005). Presently, with a rapid progress in the
computing technologies, the advanced cell type models become more and more popular. Their basic idea contains in mod-
eling of actual microgeometry of a composite by a periodic structure with a unit cell containing several ﬁbers. Then, the
homogenization boundary-value problem is stated and solved for the unit cell. The advantage of this model is that it provides
a natural way to account for interactions over entire array of inhomogeneities. Besides, the deterministic cell geometry en-
ables an accurate solution of the model BVPs. These features make the unit cell approach to be appropriate for studying the
high-ﬁlled strongly heterogeneous composites, where the structure and interactions between the ﬁbers signiﬁcantly affect
the overall material properties.
The RUC model of the FRC, shown in Fig. 1, represents a natural generalization of the ‘‘ﬁnite array of ﬁbers” model studied
in the previous subsection. Namely, we consider a quasi-random model of the composite structure with the periods a and b
along the axes Ox1 and Ox2, respectively. A unit cell of this structure contains a certain number of circular ﬁbers aligned in x3-
direction. The ﬁbers can be placed arbitrarily within such a cell providing they do not overlap. The ﬁber embedding condi-
tions are given by the Eq. (26). The ﬁbers whose edges are shown in Fig. 1 by dashed line do not belong to the cell while
occupying a certain area within it. Thus, geometry of the unit cell is given by its length a, height b and the coordinates
(X1q;X2q) deﬁning the center of qth ﬁber, q ¼ 1;2; . . . ; Nfib. The entire composite is obtained by translating the cell along
two orthogonal directions. Number Nfib of the ﬁbers with centers inside the cell can be taken sufﬁciently large to simulate
the micro structure of an actual disordered composite.
The stress ﬁeld in the composite bulk is assumed to be macroscopically homogeneous, which means constancy of the vol-
ume-averaged, or macroscopic, strain E ¼ fEijg ¼ fheijig and stress S ¼ fSijg ¼ fhrijig tensors, where hf i ¼ V1
R
V f dV and V is
the cell volume. Sometimes, the last one is called as a representative unit cell (RUC) in contrast to the representative volumeFig. 1. RUC of the composite.
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ate scale; for more discussion about it see, for example, Drago and Pindera (2007). We mention only that for a statistically
homogeneous composite structure and a macroscopically homogeneous stress ﬁeld (relevant to the present paper), these
two volumes are equivalent in the sense that averaging over RUC and RVE gives the same result provided the latter one
is taken sufﬁciently large.
In the present problem, the remotely applied load is prescribed through the macroscopic strain tensor E. This statement is
typical in the homogenization problem where the macroscopic, or effective, moduli are to be determined. In contrast, the
macroscopic stress tensor S as the load parameter is more convenient to describe the local stress concentrations. This prob-
lem is discussed in detail in Section 4.
Under a macroscopically homogeneous stress condition, the periodicity of the structure induces the periodicity of the rel-
evant physical ﬁelds. In our case, the periodicity conditionrijðx1 þ a; x2Þ ¼ rijðx1; x2 þ bÞ ¼ rijðx1; x2Þ ð33Þ
can be alternatively regarded as the cell boundary condition providing continuity of the displacement and stress ﬁelds be-
tween the adjacent cells. It is convenient for our analysis to rewrite the condition (33) in terms of displacement w aswðx1 þ a; x2Þ wðx1; x2Þ ¼ E23b and wðx1; x2 þ bÞ wðx1; x2Þ ¼ E13a: ð34Þ
To obtain an accurate solution of the BVP stated above, it sufﬁces to replace the singular potentials Up in (28) with their peri-
odic counterpartsw ¼ ImU; where U ¼ Cn1 þ
XNfib
p¼1
Up and U

p ¼
X1
n¼1
AnptnðnpÞ; ð35Þwhere tnðnpÞ are the periodic analytical functions introduced by the formula (B.1) of Appendix B. First, we substitute (35) into
(34) and obtain (accounting for the periodicity of tn (B.2)), the following expressionC ¼ d
pi
abl
XNfib
p¼1
A1p þ C; ð36Þwhere C, is given by expression (21). The subsequent ﬂow of solution resembles the already exposed procedure with some
minor modiﬁcations. In particular, the re-expansions (B.3) and (B.5) are to be used instead of (29) to get a local ﬁeld series
expansion. As a result, we obtain the inﬁnite set of linear algebraic Eq. (32), where in the anq expression (31) the expansion
coefﬁcients gpqnm should be replaced with the corresponding lattice sums gpqnm , given by the formula (B.4) for p ¼ q and by the
formula (B.6) otherwise.
3. Plane strain
Now, we proceed with the plane strain problem u1 ¼ uðx1; x2Þ;u2 ¼ vðx1; x2Þ, u3 ¼ 0. Non-zero components of the strain
tensor are given bye11 ¼ ouox1 ; e22 ¼
ov
ox2
; e12 ¼ 12
ou
ox2
þ ov
ox1
 
: ð37ÞComponents of the strain tensor are related to the stress tensor components by the Hooke lawr11
r22
r12
0B@
1CA ¼ C11 C12 C16C12 C22 C26
C16 C26 C66
0B@
1CA e11e22
2e12
0B@
1CA; ð38Þand the equilibrium equations take the formor11
ox1
þ or12
ox2
¼ 0; or12
ox1
þ or22
ox2
¼ 0: ð39Þ3.1. General solution
Similarly to the anti-plane shear problem, the general solution for the plane strain problem (39) is constructed using the
stress function. This procedure is described in detail in the book of (Lekhnitsky, 1963), so we reproduce here only the ﬁnal
results required for further analysis:u1 ¼ 2RepjUj; u2 ¼ 2ReqjUj;
r11 ¼ 2Rel2j U0j; r22 ¼ 2ReU0j; r12 ¼ 2ReljU0j:
ð40Þ
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summation convention is assumed. The complex numbers lj ð Imlj > 0Þ are the roots of the characteristic equationC11l4  2C16l3 þ ð2C12 þ C66Þl2  2C26lþ C22 ¼ 0: ð41Þ
Andpj ¼ C11l2j  C16lj þ C12 and qj ¼ C12lj  C26 þ C22=lj; j ¼ 1;2: ð42Þ
Thus, analysis of the problem reduces to ﬁnding two analytical functions Uj. To satisfy the interface bonding conditions, we
will use the functions introduced in the previous Section. We assume the perfect bonding between the matrix and ﬁbers; i.e.,
the displacement u and normal traction tn ¼ r  n vectors are continuous through the interface:½½u ¼ ½½tn ¼ 0: ð43Þ
Note that, in contrast (17), vectors u and tn contain two components.
The ﬁrst condition in (43) is fulﬁlled by equating the Cartesian components of u so we have½½RepjUj ¼ 0; ½½ReqjUj ¼ 0; ð44Þ
where, ½½g means a jump of g through the interface q ¼ R and the values labeled with ‘‘+” and ‘‘” are related to ﬁber and
matrix, respectively. As shown by Lekhnitsky (1963), the normal stress continuity condition (43) is equivalent to½½ReUj ¼ 0; ½½ReljUj ¼ 0: ð45Þ
Following from the Eqs. (40)–(45), a general solution to the plane strain problem for anisotropic solid is expressed in terms of
harmonic potentials only and appears to be more simple than the isotropic case where a general solution involves biharmon-
ic term as well. Thus, the technique developed for the anti-plane shear problem can be applied equally to the plane strain
problem.
3.2. Single inclusion problem
We begin with the problem of a single circular ﬁber embedded into an inﬁnite matrix. The uniform far ﬁeld loading is
prescribed by the constant strain tensor E ¼ fEijg where, unlike the problem considered in the Section 2.2, the non-zero
strain tensor components are E11 E22 and E12.
Similarly to (17), (18), we write the matrix displacement vector u as a sum of the remotely applied ﬁeld u0 ¼ E  r and
ﬁeld disturbance uf : u
 ¼ u0 þ uf ; and take the potentials in the matrix Uj and in the ﬁber Uþj in the formUj ¼ Cjnj þ
X1
n¼1
Anjðtj Þn; Uþj ¼
X
n
Dnjðtþj Þn; j ¼ 1;2; ð46Þwhere Cj, Anj and Dnj are the complex constants to be determined. The Cj are deﬁned by the applied displacement ﬁeld:u1 !
q!1
E11x1 þ E12x2 ¼ 2Repj Cjnj ; u2 !q!1 E12x1 þ E22x2 ¼ 2Req

j Cjn

j : ð47ÞAccounting for nj ¼ x1 þ lj x2 leads to the resolving set of equations
2Repj Cj ¼ E11; 2Reqj Cj ¼ 2Relj pj Cj ¼ E12; 2Relj qj Cj ¼ E22; ð48Þthat uniquely determine Cj.
Next, we substitute (46) and (47) into the conditions (44), (45) and use property (16) to obtain a system of linear algebraic
equations analogous to (24), (25). We re-write the bonding conditions (44), (45) in the uniﬁed way (no summation in k)½½Re,jkUj ¼ 0 ðk ¼ 1;2;3;4Þ; ð49Þ
where ,j1 ¼ pj;,j2 ¼ qj;,j3 ¼ 1 and ,j4 ¼ lj. We transform each of these equations to get consequently:,þjkU
þ
j þ ,þjkUþj ¼ ,jkUj þ ,jkUj ;X2
j¼1
X
n
½,þjkDnjðRlþj Þ
neinu þ ,þjkDnjðRlþj Þ
neinu
¼
X2
j¼1
X
n
½,jkðAnj þ anjÞðRlj Þ
neinu þ ,jkðAnj þ anjÞðRlj Þ
neinu;where anj ¼ 12 dn1Cjd

j and, ﬁnally,X2
j¼1
,jkðAnj þ anjÞðRlj Þ
n þ ,jkanjðRlj Þ
n
h i
¼
X2
j¼1
,þjkDnjðRlþj Þ
n þ ,þjkDnjðRlþj Þ
n
h i
; n ¼ 1;2; . . . ; k ¼ 1;2;3;4: ð50Þ
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Anj ¼ Dnj ¼ 0 for n > 1 and the problem is reduced to four Eq. (48).
3.3. Array of ﬁbers
An analysis of the plane strain problem for the many-ﬁber geometry described in Section 2.3 is a mere compilation of the
results exposed above, so here we give only a brief summary of the relevant formulas. The boundary conditions to be sat-
isﬁed are½½uq ¼ ½½tnq ¼ 0; q ¼ 1;2; . . . ;Nfib; ð51Þ
or, in terms of harmonic potentials,Re ð,þjkUþqj  ,jkUj Þjqq¼R ¼ 0; k ¼ 1;2;3;4; q ¼ 1;2; . . . ;Nfib: ð52ÞHere,Uþqj ¼
X
n
DnqjðtþqjÞn; j ¼ 1;2; ð53Þwhere nqj ¼ x1q þ lj x2q and tqj ¼ nqj=dj 
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
ðnqj=dj Þ2  1
q
. Denoting Npqj ¼ X1pq þ lj X2pq, one can write npj ¼ nqj þ Npqj.
By analogy with (28),Uj ¼ Cjn1j þ
XNfib
p¼1
Upj; where U

pj ¼
X1
n¼1
AnpjðtpjÞn: ð54ÞProcedure of the local Fourier series expansion for Uj is quite similar to that described above (see Eqs. (29)–(31)). After some
algebra, we getUj ¼ CjNpqj þ
X1
n¼0
ðAnqj þ anqjÞðtqjÞn; ð55Þwhereanqj ¼
XNfib
p¼1
X1
m¼1
Ampjgpqnmj þ
Cjd

j
2
dn;1 and gpqnmj ¼ gnmðdj ;NpqjÞ:The resulting inﬁnite system of linear equation isX2
j¼1
½,jkðAnqj þ anqjÞðRlj Þ
n þ,jkanqjðRlj Þ
n ¼
X2
j¼1
½,þjkDnqjðRlþj Þ
n þ,þjkDnqjðRlþj Þ
n; n¼ 1;2; . . . ; q¼ 1;2; Nfib; k¼ 1;2;3;4:
ð56Þ
Alternatively, one may consider (56) as a solution for the problem of a single inclusion in the non-uniform far ﬁeld, provided
the last one is expressed in terms of regular potentials with the coefﬁcients anqj. Then the solution for the plane strain prob-
lem of the cell type model of FRC requires only minor changes in the algorithm and formulas given above, see Section 2.4.
Note, ﬁnally, that expansion of the developed analytical approach to the generalized plane strain problem of FRCmodels con-
sidered above is rather straightforward, see Golovchan (1982a,b).
4. Effective stiffness tensor
In the present section, we focus on the cell model accounting for the micro structure of real FRCs and thus giving the most
adequate prediction of their elastic behavior. The analytical solutions obtained in the previous Sections provide an accurate
and efﬁcient method to evaluate the strain and stress ﬁelds at any point of the cell model composite domain and thus allow
to perform a comprehensive parametric study of the local stress concentration in FRC depending on volume fraction and
arrangement of ﬁbers, loading type, anisotropy degree of the matrix and ﬁber materials, etc. On the other hand, the strain
and stress ﬁelds given by this solution can be integrated analytically to get the exact closed form expression for the macro-
scopic, or effective, stiffness tensor C deﬁned byhriji ¼ Cijklhekli; ð57Þ
where himeans average over the RVE. In the problem we consider, the stress ﬁeld is macroscopically homogeneous and gov-
erned by the strain tensor E. Also, RVE coincides with the cell volume and, due to the structure periodicity,hf i ¼ 1
V
Z
V
f dV ;where V is a cell volume. In our case, V ¼ ab (unit length is assumed in z-direction).
5112 V.I. Kushch et al. / International Journal of Solids and Structures 45 (2008) 5103–5117To evaluate heiji,we write2Vheiji ¼
Z
V
ðui;j þ uj;iÞdV ¼
Z
Vm
þ
XNfib
q¼1
Z
Vq
 !
ðui;j þ uj;iÞdV ; ð58Þwhere Vp ¼ pR2 is the volume of pth ﬁber and Vm ¼ ab NpR2 is the matrix volume inside the cell: V ¼ Vm þ
PN
q¼1Vq. Apply-
ing the Gauss’ theorem leads to2Vheiji ¼
Z
R
ðui nj þ uj niÞdSþ
XNfib
q¼1
Z
Sq
ðuþi nj þ uþj niÞdS
Z
Sq
ðui nj þ uj niÞ dS
" #
; ð59Þwhere R is the cell outer surface and ni are the components of the unit normal vector. Taking into account the ﬁrst of con-
ditions (51) and decomposition u ¼ E  rþ uf , we get expectedlyheiji ¼ 12V
Z
R
ðui nj þ uj niÞdS ¼ Eij; ð60Þi.e., E has a meaning of the macroscopic strain tensor. Hence, all components of the effective stiffness tensor C can be deter-
mined from (57) as hriji ¼ Cijkl, where the stress ﬁeld corresponds to the macroscopic strain hekli ¼ Ekl ¼ 1, hek0 l0 i ¼ 0 for k0 6¼ k
and l0 6¼ l.
The macroscopic stress tensor can be written in the following formVhriji ¼
Z
Vm
rij dV þ
XNfib
q¼1
Z
Vq
rþij dV ¼ VCijklhekli þ ðCþijkl  CijklÞ
XNfib
q¼1
Z
Vq
eþkl dV : ð61ÞTherefore, we need to integrate the strains over the ﬁber volume only. By Gauss’ theorem, integrals in (57) are reduced toIkl ¼
Z
Vq
eþkl dV ¼
1
2
Z
Sq
ðuþk nl þ uþl nkÞdS: ð62Þwhich can be obtained analytically. In the anti-plane shear problem, only the I13 and I23 are non-zero. It is convenient to eval-
uate the following combination of these two:I13 þ iI23 ¼
Z
Vq
ðeþ13 þ ieþ23ÞdV ¼
1
2
Z
Sq
wþq ðn1 þ in2ÞdS ¼
R
2
Z 2p
0
wþq jqq¼Reiu du: ð63ÞTaking account the explicit form of wþq series expansion at the interface qq ¼ R (23)wþq ¼
X1
n¼1
fDnq½ðRlþ Þneinu þ ðRlþ Þneinu  Dnq½ðRlþ Þneinu þ ðRlþ Þneinug; ð64Þwe ﬁndI13 þ iI23 ¼ ipRðD1q=Rlþ  D1qRlþ Þ: ð65Þ
This formula, together with (57) and (60), is sufﬁcient for the determination of the effective moduli C2323, C

1313 and C

1323 or,
in two-index notation, C44, C

55 and C

45.
The in-plane effective moduli, namely, C11, C

22, C

12, C

16, C

26 and C

66 are found by integrating the strain and stress ﬁelds
corresponding to the plane strain problem. We haveI11 ¼
Z
Vq
eþ11 dV ¼
1
2
Z
Sq
uþ1 n1 dS ¼
R
2
Z 2p
0
uþq jqq¼Rðeiu þ eiuÞdu: ð66Þwhere, according to (53),uþq jqq¼R ¼ 2Re
X2
j¼1
pþj
X1
n¼0
Dnqj½ðRlþ
j
Þneinu þ ðRlþ
j
Þn einu: ð67ÞIts substitution into (66) givesI11 ¼ 2pRRe
X2
j¼1
pþj D1qjðRlþj þ 1=Rlþ Þ: ð68ÞIn the same manner,I22 ¼
Z
Vq
eþ22 dV ¼
1
2
Z
Sq
uþ2 n2 dS ¼
1
2i
Z 2p
0
vþq jqq¼Rðeiu  eiuÞdu: ð69Þ
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þ
j by q
þ
j . After some algebra, one ﬁndsTable 1
Converg
Nharm
1
5
10
15
20
30
40
FEAI22 ¼ 2pIm
X2
j¼1
qþj D1qjðRlþj  1=Rlþ Þ: ð70ÞFinally,2I12 ¼
Z
Vq
2eþ12 dV ¼
Z
Sq
ðuþq n2 þ vþq n1ÞdS; ð71ÞandI12 ¼ pR Re
X2
j¼1
qþj D1qjðRlþj þ 1=Rlþ Þ þ Im
X2
j¼1
pþj D1qjðRlþj  1=Rlþ Þ
" #
: ð72ÞIn order to evaluate the rest of the effective moduli, namely C13, C

23, C

33 and C

36, one has to consider additionally the general-
ized plane strain problem. As we mentioned already, it is rather technical problem: we do not consider it here and refer the
interested reader to the paper by Golovchan (1982b) where it has been discussed in detail.5. Numerical example
The problem studied above has a number of parameters and its exhaustive parametric study is the subject of a separate
paper. We restrict our numerical study to anti-plane shear problem for a composite with a squared array of ﬁbers and give
only a few numerical examples showing the way and extent to which the convergence rate of solution, interface stress con-
centration and effective stiffness are affected by the volume fraction of ﬁbers, elastic properties and loading type.
The series solution we have derived above is an accurate, asymptotically exact one. It means that, in order to get the exact
values for the many-ﬁber model of FRC, one has to solve a whole inﬁnite set of linear equations. In practice, it is solved by
applying the truncation method which means that only a certain ﬁnite number of harmonics Nharm and equations
Neqn ¼ 4NharmNfib, is retained in (32) and (56). Based on an asymptotic analysis of these linear sets, it can be proven rigorously
(Kantorovich and Krylov, 1964) that an approximate solution obtained in this way converges to an exact one with Neqn !1.
Thus, any desirable accuracy can be achieved by the proper choice of Neqn. So, for the well-separated ﬁbers (dilute composite
case), even a single ﬁber approximation ðNharm ¼ 1Þ appears to be reasonably good. The smaller the distance between the
ﬁbers, the higher is the order of Fourier harmonics retained in the numerical solution to ensure an appropriate accuracy
of computations. It is hard to believe that there exists a general rule and, probably, the best way is to ﬁnd Neqn from a series
of numerical experiments for each speciﬁc problem. Some idea of convergence rate as a function of the volume fraction
c ¼ pR2=a2 can be drawn from Table 1, where the maximum interface traction max tn=C44 values are given. The reported
numerical data have been obtained for C44 ¼ 10;C55 ¼ 1; C45 ¼ 0; E23 ¼ 1 and E13 ¼ 0. In this and the next example, the ﬁbers
are assumed to be rigid. As seen from the table, up to c ¼ 0:25 already Nharm ¼ 10 provides a four-digit accuracy of stress
evaluation at the interface point where the stress peak value (and, expectably, lowest convergence rate) is observed. At
the same time, for the nearly touching ﬁbers (for c ¼ 0:75, a ¼ 2:046R) as many as 40 harmonics are required to get a prac-
tically convergent solution: deviation from the accurate data obtained independently by the ﬁnite element method (the last
line of Table 1) does not exceed 0.2%. Based on this observation, the value Nharm ¼ 40 is adopted for all subsequent calcula-
tions. Noteworthy, the expressions for effective moduli involve only the ﬁrst series expansion coefﬁcients and therefore their
convergence rate and thus accuracy for a given Nharm is much higher in comparison with the corresponding local stress ﬁeld.
The curves in Fig. 2 demonstrate an effect on the interface traction tn of the volume fraction and loading type. The solid
lines 1–4 represent tn=C

44 for E13 ¼ 0; E23 ¼ 1 and c ¼ 0:1, 0.3, 0.5 and 0.7, respectively. The dashed lines 5–8 represent tn=C55
for E13 ¼ 1; E23 ¼ 0 and c ¼ 0:1, 03, 0.5 and 0.7. As calculations show, the stress concentration vary greatly depending on theence rate of tn=C

44 as a function of c
c ¼ 0:05 c ¼ 0:25 c ¼ 0:50 c ¼ 0:751
1.457 2.085 3.369 6.451
1.473 2.351 4.896 25.48
1.473 2.354 4.982 36.19
1.473 2.354 4.988 41.82
1.473 2.354 4.988 42.99
1.473 2.354 4.988 43.73
1.473 2.354 4.988 43.80
1.47 2.35 4.99 43.8
. . . .
Fig. 2. Traction tn variation along the ﬁber-matrix interface for various volume content of ﬁbers and loading type.
Table 2
Effective elastic moduli C44 and C

44 as a function of c and C
þ
Cþ ¼ 0 Cþ ¼ 2:0 Cþ ¼ 10:0 Cþ ¼ 1000:0
c C55 C

44 C

55 C

44 C

55 C

44 C

55 C

44
0.1 0.862 7.329 1.078 8.399 1.259 10.0 1.363 11.58
0.2 0.723 5.776 1.157 7.243 1.519 10.0 1.729 13.76
0.3 0.590 4.592 1.238 6.291 1.815 10.0 2.173 16.79
0.4 0.467 3.598 1.323 5.464 2.176 10.0 2.771 21.09
0.5 0.353 2.723 1.415 4.720 2.645 10.0 3.657 27.63
0.6 0.247 1.923 1.514 4.035 3.295 10.0 5.169 38.93
0.7 0.141 1.136 1.623 3.384 4.312 10.0 8.705 65.37
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times exceeds the analogous value observed on a single ﬁber embedded in an inﬁnite matrix (c ¼ 0).
In Table 2, the components C44 and C

55 of the effective stiffness tensor are given and a function of volume fraction of the
ﬁbers, assumed here to be elastically isotropic: Cþ44 ¼ Cþ55 ¼ Cþ and Cþ45 ¼ 0. It is seen from the table that the absolute values
of effective moduli as well as the effective anisotropy degree C44=C

55 can vary widely depending on the structure parameters
of composites. On one hand, it makes prediction of their elastic behavior a rather complicated problem and justiﬁes devel-
opment and application for their study of the accurate methods. On the other hand, such a structural sensitivity opens a wide
opportunity for solving the optimization problems, i.e., designing the composites with a required set of mechanical proper-
ties by a proper combination of anisotropic constituents. Hopefully, the analytical method developed in this paper is sufﬁ-
ciently ﬂexible and efﬁcient to provide substantial help in solving the problems of this kind.
6. Conclusions
An accurate analytical, multipole expansion type method has been developed to study local stress ﬁelds and effective
stiffness of a unidirectional ﬁber reinforced composite with anisotropic phases. The most general anisotropy type allowable
for 2D statement is considered and the asymptotically exact series solutions have been obtained in a uniﬁed manner for a
series of composite model problems. By using the complex potentials in proper form and presently develoiped re-expansion
formulas for them, the model boundary-value problem has been reduced to an ordinary system of linear algebraic equations.
It provides high numerical efﬁciency of the developed method and hence its applicability to the large-scale numerical sim-
ulation of composite structures. For brevity sake, our consideration was intentionally conﬁned by the composites with ﬁbers
of circular cross-section. The developed accurate analytical approach, with minor modiﬁcations, can be extended to compos-
ites containing ﬁbers of elliptic cross-section and/or straight line cracks.
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Kushch et al. (2005) have derived the re-expansion formulaðtpÞn ¼
X
m
gnmðZpq; dp; dqÞðtqÞm; n ¼ 1;2; . . . ; ðA:1Þwheretp ¼ zp=dp 
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
ðzp=dpÞ2  1
q
and zp ¼ zq þ Zpq: ðA:2ÞThe most general form of the series coefﬁcients gpqnm ¼ gnmðZpq; dp; dqÞ isgpqnm ¼ ð1Þmn
dp
dpq
 nX1
j¼0
tðnþmþ2jÞpq
Xj
l¼0
ð1Þjl
ðj lÞ!
dp
dpq
 mþ2l
Mnmlðdp;dqÞ ðnþmþ lþ j 1Þ!ðj lÞ! ; ðA:3Þwhere dpq ¼ dp þ dq and tpq ¼ Zpq=dpq þ
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
ðZpq=dpqÞ2  1
q
. Also,Mnmlðdp;dqÞ ¼
Xl
k¼0
ðdp=dqÞ2k
k!ðl kÞ!ðkþ nÞ!ðmþ l kÞ! : ðA:4ÞFor the derivation procedure and the convergence area of (A.1), see Kushch et al. (2005).
As easy to see, the above formulas remain valid when we replace in (A.2) zp with np ¼ xp þ lyp and Zpq with Npq. Notewor-
thy, in the problem we consider dp ¼ dq ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1þ l2
p
which leads to considerable simpliﬁcation of the gnm expression. Namely,ð1Þgpqnm ¼ gnmðNpq;d; dÞ ¼ nð1Þm
X1
j¼0
Vðnþmþ2jÞpq
Xj
l¼0
ð1Þjl
2nþmþ2l
Mnml
ðnþmþ lþ j 1Þ!
l!ðj lÞ! ; ðA:5Þwhere Vpq ¼ Npq=2dþ
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
ðNpq=2dÞ2  1
q
,Mnml ¼ Mnmlðd;dÞ ¼ ðnþmþ lþ 1Þll!ðnþ lÞ!ðmþ lÞ! ðA:6Þand ðnÞm is the Pohgammer’s symbol. The convergence area of the re-expansion formula (A.1) with the series coefﬁcients
(A.5) can be easily estimated using the results given elsewhere (Kushch et al., 2005). Here, we note only that it converges
for any two non-touching ﬁbers and arbitrary anisotropy degree of the matrix material and thus provides an efﬁcient solu-
tion of the considered problem in a whole range of the parameters.
For the well-separated ﬁbers, the formula (A.5) can be further simpliﬁed toð2Þgpqnm ¼ nð1Þm
X1
l¼0
d
2Npq
 nþmþ2l
Mnmlðnþmþ 2l 1Þ!: ðA:7ÞFor the exact application limits of the formula (A.7), see Kushch et al. (2005).
Appendix B. Periodic complex potentials
We introduce the functions tn given by the following 2D lattice sums:tnðnÞ ¼
X
a;b
½tðn LabÞn; n ¼ 1;2; . . . ; ðB:1Þwhere Lab ¼ aaþ lbb and a and b are the integer numbers: 1 < a; b < 1. These functions satisfy the following periodicity
conditionstnðxþ a; yÞ  tnðx; yÞ ¼ 0; tnðx; yþ bÞ  tnðx; yÞ ¼ dn1
dpi
bl
; ðB:2Þand possess a countable set of cuts centered at the points Zab ¼ aaþ ibb. The series (B.1) are absolutely convergent for n > 1
whereas t1 converges conditionally only, in the principal value sense. Consequently, all the series (B.1) are term wise differ-
entiable and thus tn satisfy the Laplace equation as well. Therefore, these functions can be thought as the periodic complex
potentials and utilized in the framework of the developed approach to build up the solutions for the periodic composites
with anisotropic constituents.
To obtain a local series expansions of tnðnpÞ in terms of tp ¼ tðnpÞ, where np ¼ xp þ lyp, we apply the formula (A.1) to all
the lattice sum terms but one, with a ¼ b ¼ 0. After proper change of summation order, one getstnðnpÞ ¼ ðtpÞn þ
X
m
gppnm ðtpÞm; ðB:3Þ
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X0
a;b
gnmðLab;d; dÞ; ðB:4Þthe upper strike over the sum sign means absence there of the term with a ¼ b ¼ 0.
Obtaining the series expansion of tnðnpÞ in terms of tq ¼ tðnqÞ for p 6¼ q also utilizes the re-expansion formula (A.1) and
givestnðnpÞ ¼
X
m
gpqnm ðtqÞm; ðB:5Þwheregpqnm ¼
X
a;b
gnmðNpq þ Lab;d;dÞ: ðB:6ÞThe following efﬁcient way of the lattice sums (B.1) evaluation takes an advantage of two existing gnm expressions, ð1Þg
pq
nm
(A.5) and ð2Þgpqnm (A.7). So, we can write (B.6) asgpqnm ¼
X
jNpqþLab j6L
gnmðNpq þ Lab;d;dÞ þ
X
jNpqþLab j>L
gnmðNpq þ Lab;d;dÞ; ðB:7Þwhere L is taken sufﬁciently large to provide applicability of the formula (A.7) to all the terms of the second sum in (B.7). As
the next step, we re-write (B.7) asgpqnm ¼
X
jNpqþLab j6L
ðð1ÞgpqnmÞ þ
X
jNpqþLab j>L
ðð2ÞgpqnmÞ ¼
X
jNpqþLab j6L
ðð1Þgpqnm  ð2ÞgpqnmÞ þ
X
a;b
ðð2ÞgpqnmÞ: ðB:8ÞThe ﬁrst sum standing in the right hand side of (B.8) is ﬁnite and so no problem arise with its evaluation. In the second sum,
we change the summation order to getX
a;b
ðð2ÞgpqnmÞ ¼ nð1Þm
X1
l¼0
Spqnþmþ2l
d
2
 nþmþ2l
Mnmlðnþmþ 2l 1Þ!; ðB:9ÞwhereSpqn ¼
X
a;b
ðNpq þ LabÞn ¼
X
a;b
½ðXpq þ aaÞ þ lðYpq þ bbÞn; nP 2: ðB:10ÞThese simple lattice sums can be computed in advance using, say, the Evald’s method or other rapid summation technique
(e.g., Golovchan et al., 1993; Berman and Greengard, 1994; Movchan et al., 1997; among others).
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